Using a singlet-triplet spin qubit as a sensitive spectrometer of the GaAs nuclear spin bath, we demonstrate that the spectrum of Overhauser noise agrees with a classical spin diffusion model over six orders of magnitude in frequency, from 1 mHz to 1 kHz, is flat below 10 mHz, and falls as 1/f 2 for frequency f 1 Hz. Increasing the applied magnetic field from 0.1 T to 0.75 T suppresses electronmediated spin diffusion, which decreases spectral content in the 1/f 2 region and lowers the saturation frequency, each by an order of magnitude, consistent with a numerical model. Spectral content at megahertz frequencies is accessed using dynamical decoupling, which shows a crossover from the few-pulse regime ( 16 π-pulses), where transverse Overhauser fluctuations dominate dephasing, to the many-pulse regime ( 32 π-pulses), where longitudinal Overhauser fluctuations with a 1/f spectrum dominate.
Precise control of single electron spins in gate-defined quantum dots makes them a promising platform for quantum computation [1] [2] [3] [4] [5] . In particular, GaAs spin qubits benefit from unmatched reliability in fabrication and tuning. However, being a III-V semiconductor, the GaAs lattice hosts spinful nuclei that couple to electron spins via the hyperfine interaction [3, [5] [6] [7] [8] . Nuclear dynamics lead to fluctuations of the Overhauser field, which affect the coherent evolution of spin qubits. In turn, advances in qubit operation, including single-shot readout [9] and long dynamical decoupling sequences [6] , allow spin qubits to serve as sensitive probes of the electronplus-nuclear-environment system, an interesting coupled nonlinear many-body system.
In this Letter, we use a singlet-triplet (S-T 0 ) qubit as a probe to reveal the dynamics and magnetic field dependence of the GaAs nuclear spin bath over a wide range of frequencies, without the use of nuclear pumping [10] [11] [12] or postselection [13] techniques. The qubit is defined in a two-electron double quantum dot (Fig. 1a) . The external magnetic field B ext separates the qubit states singlet, |S = (|↑↓ + |↓↑ ), from the fully polarized triplet states, |T + = |↑↑ and |T − = |↓↓ . In this notation, the first (second) arrow indicates the spin in the left (right) dot. The resulting energy diagram of the spin states at the transition between (1,1) and (2,0) charge states is presented in Fig. 1b . Here (N ,M ) indicates the number of electrons in the left (N ) and the right (M ) dot. The Bloch sphere representation of the qubit is shown in Fig. 1c .
Dynamics of the S-T 0 qubit in the well-separated (1,1) charge state, i.e., for vanishing exchange, J, between the two electrons, is governed by the static external magnetic field B ext and dynamic Overhauser fields. For large B ext , we can model the qubit evolution using the Hamiltonian [6, 7, 14] H(t) = gµ B i=L,R
where g ∼ −0.4 is the electronic g-factor, µ B is a Bohr magneton,Ŝ i z is the spin operator of the electron in left or right dot i = L, R, and B i is the Overhauser field component parallel to B ext . The influence of the transverse Overhauser field component B i ⊥ on the qubit is strongly suppressed when B ext is much larger than the typical Overhauser field. Hence the transverse Overhauser field fluctuations play a significant role in the qubit evolution only when the influence of the fluctuating longitudinal Overhauser field B i is eliminated by dynamical decoupling [6, 7] . The splitting between qubit states |↓↑ and |↑↓ for J = 0 is thus proportional to the longitudinal component of the Overhauser field gradient, ∆B = B L −B R , and can be measured by monitoring the Rotation axes correspond to exchange interaction J (green) and gradient of the Overhauser field ∆B (red). (d) Pulse cycle used to probe the qubit precession in the gradient of the Overhauser field. The qubit is initialized in the S(2,0) state by exchanging electrons with the lead. Next, one electron is moved to the right dot, and the qubit evolves for the time tS in the gradient of the Overhauser field. Finally, ε is pulsed back to the readout point, projecting |S into a (2,0) charge state, whereas |T0 remains in (1,1).
qubit precession between |S and |T 0 [8, 9, 15] .
To measure this precession, we apply a cyclic pulse sequence that first prepares the singlet, then separates the two electrons to allow free precession in the Overhauser field for time t S , and finally performs a projective readout of the qubit in the S-T 0 basis (Fig. 1d) . The total length of the pulse sequence is approximately 30 µs, including 10 µs of readout time. For each t S we use 16 single-shot readouts of this sequence to estimate the singlet return probability, P S . By repeatedly sweeping t S from 0 to 250 ns in 300 steps allows the precession of the qubit in the evolving Overhauser field to be measured with roughly 1 s temporal resolution (slow mode). A time trace showing 80 s of slow-mode probability data is shown in Fig. 2a . To increase the temporal resolution from 1 s to 12 ms we omit the probability estimation and record one single-shot outcome for each t S (fast mode). A time trace showing 1 s of fast-mode single-shot data is shown in Fig. 2b . The time evolution of the qubit precession frequency, f Ovh (t), is then extracted from these data as described in the Suppl. Section 1. The frequency corre- In the bottom panels we show the extracted frequency of oscillations, f Ovh , converted to |∆B |. (c) Power spectral density of (∆B ) 2 at Bext = 0.2 T obtained from traces such as in (a) (blue) and (b) (black). Transition from white spectrum at low frequencies to 1/f 2 at high frequencies is reproduced by the nuclear spin diffusion model (gray). A deviation from this dependence at the highest frequencies is a numerical artifact caused by the discreteness of |∆B | values obtained from the Fourier analysis.
sponds to the absolute value of the Overhauser field gradient |∆B (t)| = hf Ovh (t)/|g|µ B . Examples of |∆B (t)| for B ext = 0.2 T are shown in Figs. 2a,b. In contrast to experiments performing dynamic nuclear polarization [16] [17] [18] the observed distributions of ∆B reveal no sign of multistable behaviour (see Suppl. Section 2).
Next, we focus on the power spectral density (PSD) of ∆B for B ext = 0.2 T. Since taking the absolute value of ∆B introduces kinks in |∆B | traces, adding spurious high-frequency content, we instead extract the PSD of (∆B ) 2 (Fig. 2c) . The resulting spectrum is flat below 10 −2 Hz and falls off as 1/f 2 above 1 Hz, indicating a correlation time of ∆B of a few seconds. A classical model of Overhauser field fluctuations due to nuclear spin diffusion is used to fit the experimental data in Fig. 2c [20] (Suppl. Section 5). In the model we use the double dot geometry estimated from the lithographic dimensions of the device and the heterostructure growth parameters (distance between the dots d = 150 nm, dot diameter σ ⊥ = 40 nm and width of the electron wave function in the crystal growth direction σ z = 7.5 nm). We fit the effective diffusion constant D = 33 nm 2 /s and the equilibrium width of the ∆B distribution σ ∆B = 6.0 mT. This model yields the power spectrum of ∆B , which has the same qualitative behavior as the spectrum of (∆B ) 2 -it is flat at low frequencies (< 10 −2 Hz) and falls off as 1/f 2 at high frequencies (> 1 Hz). Such a relation between the PSD of a Gaussian distributed variable and that of its square is expected whenever the PSD has a 1/f β dependence over a wide frequency range [21] .
In order to extend the spectral range to higher frequencies we apply the pulse cycle with a fixed separation time t S = 100 ns, acquiring a single-shot measurement every 30 µs. This can be visualized as a horizontal cut through the data in Fig. 2b (top) at 100 ns, though, of course, now without taking the rest of the data at other values of t S . Although the series of single-shot outcomes at fixed t S does not allow a direct measure of ∆B from temporal oscillations, it does give statistical spectral information [20] . In particular, the Fourier transform of the windowed autocorrelation of single-shot outcomes (Suppl. Section 3) yields a PSD of the singlet return probability P S , now extended to 4 kHz.
Power spectra of P S for the lowest and highest applied fields studied, B ext = 0.1 and 0.75 T are shown in Fig. 3 . We observe that the spectrum for B ext = 0.75 T is reduced by an order of magnitude in the 1/f 2 regime, compared to the spectrum at B ext = 0.1 T. To quantify the observed magnetic field dependence of the PSD of P S we fit the nuclear spin diffusion constant D of the classical diffusion model (Suppl. Section 5) to data, using fixed σ ∆B = 6.0 mT (obtained from the fit in Fig. 2 ) and the same geometrical parameters as above. The observed agreement with experimental data suggests that the effects of the nuclear spin bath are well described by classical evolution up to at least 1 kHz.
At low B ext we observe a strong enhancement of the effective spin diffusion constant compared to the literature value for bulk GaAs in the absence of free electrons, D ∼ 10 nm 2 /s [19] (Fig. 3, inset) . Qualitatively, this increase may be attributed to electron-mediated nuclear flip-flop processes [20, [22] [23] [24] [25] , which dominate over nuclear dipole-dipole mediated diffusion. At 0.75 T the effective diffusion constant drops down to the value for bulk GaAs. Despite this agreement, we note that our values for D are not corrected for possible changes of electronic wavefunctions with increasing magnetic field. A quantitative statement about the underlying bare diffusion constant is difficult, as the fitting results for D are sensitive to assumptions about the spatial extent of the quantum dots (in particular σ ⊥ ) and the fraction of time spent in (1,1) and (2,0). Since spin diffusion due to nuclear dipole-dipole interaction is strongly suppressed by the Knight field gradient [26] and quadrupolar splittings, we expect further suppression of D at higher magnetic fields [24] , and saturation below the bulk GaAs value. Indeed, this is observed in self-assembled quantum dots, where quadrupolar splittings are significantly stronger due to strain [23, 27, 28] .
Overhauser field fluctuations above 100 kHz are too fast to be observed as oscillation between |S and |T 0 with the present setup. However, we can infer spectral features from the decoherence of |↑↓ and |↓↑ states using Hahn echo and Carr-Purcell-Meiboom-Gill (CPMG) dynamical decoupling sequences [6, 29] . Since these decoupling sequences act as filters in frequency domain, we can relate the Overhauser spectrum to the decay of qubit coherence [6, [30] [31] [32] . In particular, Hahn echo and CPMG sequences suppress the low frequency fluctuations, making the coherence decay a sensitive probe of high-frequency Overhauser fields.
The decoupling sequence in Fig. 4a uses symmetric exchange pulses [33] , but is otherwise standard [29] : initialize in S(2,0), evolve for time τ /2 in (1,1), apply symmetric exchange π-pulse, evolve for another τ /2, repeat the τ /2−π −τ /2 segment a total of n times. After the total evolution time T = nτ , project onto S-T 0 by pulsing to (2,0) and perform single-shot readout. Averaging ∼1000 such single-shot readouts then yields the singlet return probability. For such a sequence the resulting singlet return probability is related to the qubit coherence (a) Schematic of a CPMG dynamical decoupling sequence applied to a S-T0 qubit, presented as a time dependent exchange energy J (see text). (b) Coherence of the S-T0 qubit after Hahn echo and CPMG sequences with number of π pulses n. τ = T /n is the repetition period between pulses. Black curves present simulations including longitudinal 1/f noise and transverse fluctuations due to Larmor precession of the nuclei. Gray curves assume transverse Overhauser field fluctuations only. Data and curves are offset for clarity. (c) Scaling of the extracted coherence decay envelope T2,n with n. Solid blue and yellow lines indicate fits of the power law ∝ n γ to data in the indicated range. A large value of γ = 0.8 for small number of π pulses indicates that decay is dominated by the transverse noise. γ = 0.5 for large n is consistent with decay due to longitudinal 1/f noise.
, where W i (t) is the normalized coherence of the spin in dot i at time t. Figure 4b shows the singlet return probability for Hahn echo and CPMG sequences with various numbers of π pulses, n, as a function of the interpulse time τ = T /n. For sequences with small n, coherence decreases smoothly with τ , while for sequences with large n the decay is strongly modulated. It was previously shown [6, 7] that the coherence modulations are due to narrowband spectral content at megahertz frequencies in the transverse Overhauser field B i ⊥ , arising from the relative Larmor precession of the three nuclear species.
The influence of transverse Overhauser fluctuations, B i ⊥ , on the CPMG signal decay was simulated using a semiclassical theory [14, 34, 35] that previously gave good agreement with echo [17, 36] and CPMG [6] experiments (see Suppl. Section 6 for details). Comparisons of experimental data with numerical simulations are shown in Fig. 4b . First, we include only narrowband transverse fields (gray curves), assuming two identical dots each containing N = 9 × 10 5 nuclei and a spread of effective fields experienced by the nuclei of δB = 1 mT, arising, for example, from quadrupolar splittings [7, 36, 37] . This simulation reproduces the coherence decay for Hahn echo and the coherence modulations. The decay envelopes for the simulated CPMG, however, do not agree well with experiment, especially for large n. In order to gain additional insight into the source of decoherence we extract the envelope decay time, T 2,n , from the experimental data and plot it as a function of n ( Fig. 4c and Suppl. Fig. S4 ) [29] . We observe an initial scaling of T CPMG 2 ∝ n γ with γ ∼ 0.8, and a crossover to γ ∼ 0.5 for large n.
We ascribe the change in the observed T , where S (f ) is the PSD of ∆B [38] [39] [40] . Assuming that this PSD has a 1/f β power-law behavior in the relevant frequency range, the CPMG decay for fixed n and varying τ is then exp[−(T /T 2,n ) β+1 ], with T 2,n ∝ n γ and γ = β/(β+1) [29] . The observed scaling with γ ∼ 0.5 is therefore consistent with 1/f noise and a Gaussian decay.
As shown in Fig. 4b (black lines), adding the β = 1 envelope function, exp[−(T /T 2,n ) 2 ] and T 2,n = n 1/2 ×25 µs, appropriate for β = 1, gives good agreement with experimental results. From the agreement between the simulations and the measurements we estimate that for f > 100 kHz the PSD S (f ) ∼ A 2 /(2πf ) with A −1 ∼ 9 µs. For comparison with results presented in Ref. [6] we extrapolate this frequency dependence to 667 kHz. Using the extrapolated value we estimate the CPMG decay time in an experiment in which τ is fixed but n is varied, T CPMG 2 = π 2 /4S (1/2τ ). Such estimate yields ≈ 0.83 ms for τ = 750 ns, which is close to T CPMG 2 = 0.87±0.13 ms measured in Ref. [6] .
The 1/f power law found for f > 100 kHz differs from the 1/f 2 spectrum observed below 1 kHz. This is not sur-prising, since for frequencies higher than the strength of intra-nuclear interactions (∼1 kHz) the diffusion model is no longer applicable. Whether the high-frequency ∆B fluctuations have the same physical origin (i.e. flip-flops of nuclei due to dipolar and hyperfine-mediated interactions) as the low-frequency ones is an open question.
Theory for CPMG decay caused by spectral diffusion due to dipolar interactions predicts a coherence decay of the form exp[−(T /T 2,n ) 6 ], with T 2,n ∝ n 2/3 for small and even n [41] . This decay form (and scaling) is in disagreement with our observations. In particular for large n, existing spectral diffusion theories based on cluster expansion [42] [43] [44] 
Finally, it is possible that the ∆B fluctuations are not of intrinsic origin (nuclear dynamics), but of extrinsic origin. For example, charge noise, which generically has a 1/f β spectrum with β ∼ 1 [45] , can shift the electron wavefunction and effectively result in Overhauser field fluctuations [14] .
In conclusion, we have experimentally investigated the spectrum of the GaAs nuclear environment for spin qubits and find it consistent with classical diffusion over six orders of magnitude in frequency, from millihertz to kilohertz. For applied fields below ∼ 0.75 T, nuclear diffusion is dominated by the electron-mediated flip-flop, enhancing diffusion by a factor of 8. Decoherence of the S-T 0 qubit is dominated by fluctuations of the transverse Overhauser field for short CPMG sequences, and by longitudinal Overhauser field for CPMG sequences with more than 32 π pulses. The power spectral density of the gradient of Overhauser field squared (∆B ) 2 is obtained from two kinds of data sets.
Spectrum of the
The first one consists of oscillations in the singlet probability P S as a function of electron separation time t S , varying from 0 to 250 ns, measured with 1 s repetition rate. For each studied value of magnetic field, we measure a 1.5 hour-long data set, and a fragment of such a data set is presented in Fig. S1a . The frequencies of the oscillations are obtained by means of Fourier analysis. We calculate the Fast Fourier Transform (FFT) of each vertical column and inspect its absolute value (Fig. S1b) . The position of the maximum indicates the frequency of oscillations, which is related to the gradient of the Overhauser field between the dots by hf Ovh = gµ|∆B | (Fig. S1c) .
The second data set consists of ten non-averaged measurements, each 30 s long. A 1 s excerpt of one of them is shown in Fig. S1d . Extracting the underlying oscillation frequency from each column requires more careful treatment, since the probabilistic nature of binary measurements adds large amounts of shot noise. In our analysis we first assign S and T 0 outcomes to, respectively, 1 and −1. Then we subtract from each column its mean, and calculate the autocorrelation (Fig. S1e) . The obtained autocorrelation reveals oscillations at the same frequency as unprocessed data. However, in the autocorrelated data the shot noise is averaged out for all ∆t S except for 0, where the shot noise accumulates. Next we replace the autocorrelation value at ∆t S = 0 with the value at the smallest |∆t S | = 0. This minimizes the influence of shot noise without affecting the visibility of the oscillations. The absolute value of the FFT (Fig. S1f) of the autocorrelations processed in such way exhibits a clear peak, which we associate with the qubit oscillation frequency. Namely, the peak position in frequency, f Ovh , is used to extract |∆B | via hf Ovh = gµ|∆B | (Fig. S1g) .
GAUSSIAN DISTRIBUTION OF ∆B
Several points of the analysis presented in the main text assume a Gaussian distribution of the Overhauser field gradients. To show that this assumption is justified we plot in Fig. S2a histograms of |∆B | for several values of the external magnetic field. The fits to the data confirm our assumption, indicating there spin bath does not have multiple stable points, in contract to experiments involving intentional dynamical nuclear polarization [16] [17] [18] . However we observe that the mean Overhauser field gradient is shfted away from zero for increasing external magnetic field, while the width of the ∆B distribution remains unchanged (Fig. S2b,c) . We suspect that this non-zero mean arises from unintentional nuclear polarization, as reported previously for this device [6, 33] and for devices studied by other groups [36] .
OBTAINING POWER SPECTRAL DENSITY OF PS FROM TRUNCATED AUTOCORRELATION OF SINGLE-SHOT MEASUREMENTS
As explained in the main text, to maximize the repetition rate at which ∆B is probed, we fix the separation time t S = 100 ns and repeat the pulse cycle continuously. Then we map S and T 0 outcomes to, respectively, 1 and −1. As a result we obtain binary traces of over 2 million points. A small piece of such a trace is presented in Fig. S3a , obtained for external magnetic field B ext = 0.6 T and t S = 100 ns.
The sequence of single-shot outcomes is dominated by shot noise, which obscures the underlying oscillations when using conventional methods for calculating the PSD. To eliminate this noise contribution, we apply the same procedure mentioned in the previous section. That is, we find the autocorrelation and replace its value at ∆t = 0 with the value at the smallest |∆t| = 0. are plotted in Fig. S3b . Now we can take advantage of the fact that the Fourier transform of the autocorrelation is identical to the power spectral density of the original trace.
Even though the sample is huge, we observe artifacts related to its finite size. Namely, the autocorrelation has a long, irregular tail (Fig. S3b, inset) . If we perform FFT over the entire available range of ∆t, fluctuations in the tail dominate over the relevant features at ∆t ∼ 1/f .
In our further analysis we assume that relevant information about the nuclear noise at frequency f is contained within the window |∆t| A/f = ∆t max where A is of the order of ten. In other words, to obtain an accurate value of the power spectral density of the noise at frequency f , it is sufficient to take the Fourier transform of the autocorrelation in the range −∆t max < ∆t < ∆t max . In our analysis we use 16 ≤ A ≤ 32. To avoid the necessity of windowing we keep the range of ∆t such that the number of points within the −∆t max < ∆t < ∆t max range is 2 n , for integer n. Power spectral densities for B ext = 0.6 T, t S = 100 ns, and various choices of ∆t max are presented in Fig. S3c , visualizing the trade-off between frequency range and noise floor level due to finite sample size. Wide ∆t windows (i.e. large t max ) give access to lower frequencies but raise the noise floor, while narrow ∆t windows sacrifice lowfrequency information for a reduction in noise. By adjusting the window dynamically we are able to achieve a wide spectral range without suffering from the background noise.
FITTING PROCEDURES FOR PSD IN FIGS. 2C AND 3
The classical diffusion model used to describe the experimental results presented in Figs. 2c and 3 , provides analytical expressions for the autocorrelation of (∆B ) 2 and P S , but no analytical expression for the PSD. Therefore the fitted expressions involve numerical Fourier transforms of the autocorrelation obtained from the analytical formulas.
To fit data in Fig. 2c we simulate two sets of autocorrelation traces, such that after performing a FFT they produce PSD points at the same frequencies as in the experimental data. Simulated traces obtained in such way are suitable for optimization via the method of least squares.
To fit the data in Fig. 3 we simulate autocorrelation traces with identical time resolution as the experimental data. To these traces we then apply the same procedure as to experimental data (that is we perform FFT of data limited to a suitable range of ∆t). The obtained set of frequencies is identical to those of the experimental PSD, making this method suitable for least squares fitting.
CLASSICAL MODEL OF OVERHAUSER FIELD NOISE DUE TO NUCLEAR SPIN DIFFUSION
Here we construct a model for the dynamics of a S-T 0 qubit in a double quantum dot, arising from slow fluctuations of the longitudinal Overhauser (difference) field in the two dots. The Overhauser field is produced by nuclear spins in the host crystal, which undergo their own dynamics due to their mutual dipole-dipole coupling. These dynamics lead to fluctuations of the longitudinal Overhauser field, which in turn affect the evolution of the spin qubit, which plays the role of a sensor in this work. Our approach is similar to that employed previously to describe the results of the experiment in Ref. [20] .
The electronic system is influenced by the nuclear spins through the hyperfine (hf) interaction,
wherer is the electron position operator, R j is the position of nucleus j, andŜ andÎ j are the spin operators for the electron and nucleus j, respectively. Here A 0 has units [Energy × Volume/ 2 ], with a characteristic value in GaAs of 2 A 0 /v 0 ≈ 100 µeV [35] , where v 0 is the unit cell volume. For simplicity we consider a single nuclear species. On a coarse-grained scale encompassing many atomic sites, we describe the nuclear spin state in terms of a spin density field I(x, t). Throughout this treatment we focus only on the spin component parallel to the externally-applied magnetic field. Here I(x, t) has units [ /Volume].
In a double dot, the (1, 1) singlet and triplet (T 0 ) states are coupled by the longitudinal Overhauser difference field
where g * is the electronic effective g-factor, µ B is the Bohr magneton, and ∆ρ(
2 and |ψ L (x)| 2 the electronic density profiles in the right and left dot, respectively. Later it will be convenient to work in Fourier space,
. Notably, although the nuclear spin field I(x, t) extends throughout the entire sample, the Overhauser field is only sensitive to the value of I(x, t) in a limited region where the electrons are localized.
For simplicity, we take a model where the nuclear spin field I(x, t) evolves under its own dynamics, unperturbed by the presence of the electronic system. In the absence of nuclear spin relaxation (i.e., for infinite nuclear T 1 ), the dipolar interaction between nuclear spins leads to a diffusive-type dynamics of nuclear spin polarization:
where ξ(x, t) is a stochastic field that accounts for the randomness of dipole-dipole induced nuclear spin flips. The units of ξ(x, t) are [Energy / Volume]. Such a diffusive model is also expected to at least qualitatively describe the dynamics caused by electron-mediated nuclear flip-flops [24] . The smooth diffusive dynamics, as described by the first term in Eq. (S4), are only manifested on timescales longer than that for a single nuclear spin flip due to its interaction with its neighbors (typically ∼ 10 − 100 µs for GaAs [35] ). On times longer than this scale, where the diffusion model applies, the noise has zero average, ξ(t) = 0, and is essentially white: ξ(t)ξ(t ) ∼ δ(t − t ). Here the angle brackets indicate averaging over noise realizations. The conservation of total nuclear spin is ensured by taking the noise to have the following spatial correlations on scales larger than the atomic lattice spacing: where the proportionality constant η will be fixed below to ensure the correct RMS value of the Overhauser difference field in equilibrium. The units of η are [
Fourier transforming Eq. (S4), we obtain an independent differential equation for each nuclear spin modeĨ q , labeled by the 3D wave vector q:
The Fourier modesξ q (t) of the noise field satisfy
The differential equation (S6) has the formal solutioñ
Using the explicit form forĨ q (t) above, along with Eq. (S7), we obtain the correlation functions for the nuclear spin field:
where in the second line we have used Eq. (S7). If the initial state I(t 0 ) is drawn from the (stationary) equilibrium distribution, Ĩ q (t 0 )Ĩ q (t 0 ) = Ĩ q (t)Ĩ q (t) , then we find
In position space, the equilibrium Overhauser field fluctuations are thus uncorrelated:
We now use the results above for the correlation function of the nuclear spin field to calculate the noise correlations of the Overhauser difference field, ∆B z (t). The correlation function ∆B z (t)∆B z (t ) is straightforward to evaluate using Eqs. (S3) and (S10):
where we have usedρ −q =ρ * q . We set the value of η by demanding that the equilibrium RMS Overhauser field fluctuations should match the measured value:
To evaluate |∆ρ q | 2 in the integrand above, we must specify a particular form for the electron density profiles in the two dots. For simplicity we take the densities in the two dots to be Gaussian, centered at positions x L = (x L , 0, 0) and x R = (x R , 0, 0):
where α = L, R. Setting
and taking the Fourier transform of the electron density in Eq. (S14), we obtain
Rewriting 4 sin 2 (q x d/2) = 2(1−cos q x d) and substituting into Eq. (S13) gives
To cast the result into a more convenient form, we define the effective number of spins
, where v 0 is the unit cell volume (see above). For the wave functions in Eq. (S14) we have
z eq , we have
In this form, the √ N dependence of the RMS Overhauser field fluctuations is explicitly displayed.
The oscillations observed in Fig. 2 of the main text reveal the magnitude of the gradient, but do not yield information about its sign. Therefore the correlation function in Eq. (S12), which depends on both the magnitude and sign of ∆B(t), is not of direct relevance. Instead, we compute the experimentally-relevant noise correlations and power spectrum for ∆B Correlations for fixed separation time
In Fig. 3 of the main text, power spectral densities for measurements of the singlet return probability with fixed separation time are shown. This type of measurement was employed previously by Reilly and coworkers [20] . For separation time t S , the singlet return probability P S is given by
Here we assume that B z (t) is frozen on the timescale of one experiment, but its value may change from run to run. Averaging over Gaussian fluctuations gives
Using Eq. (S21), the autocorrelation function P S (t + ∆t)P S (t) − P S (t) 2 then follows (as also found in Ref. [20] ): ∆B z (t + ∆t)B z (t) was calculated in Eq. (S19). Thus we obtain the autocorrelation function for the singlet return probability in experiments with fixed separation time, used for fitting the data in Fig. 3 of the main text.
DECOHERENCE OF THE QUBIT SUBJECTED TO THE TRANSVERSE OVERHAUSER NOISE
For two electrons in the (1, 1) charge state of a double quantum dot, the effective pure dephasing spin Hamiltonian coupling the electron spins to the nuclei is given by [14] When the exchange interaction between the two electrons is strongly suppressed due to a large barrier height separating the two potential minima [33] , the overlap between the Ψ L (r) and Ψ R (r) functions is negligible, and every contributing nucleus is coupled only to one electron, residing either in L or R dot. The Hamiltonian (S24) is then a sum of two commuting terms, each pertaining to another dot. We also assume that the nuclear density matrices in the two dots are uncorrelated, and that the L and R dots have the same size and shape. The singlet return probability P S (T ) is then given by
where W (T ) is the coherence function of a single spin in one of the QDs (i.e. an off-diagonal element of its density matrix normalized to unity), calculated for the respective dynamical decoupling sequence.
Although the longitudinal and transverse Overhauser field operators do not strictly commute, their commutator is ∼ σ/N , where σ is the rms of the Overhauser field and N is the number of nuclei appreciably interacting with the electron [14] . In the following we use a semiclassical approach to dynamics of large nuclear bath, and neglect this commutator. The decoherence function can then be written as
in which W z (T ) is the contribution to decoherence that originates from the first (longitudinal) term in Eq. (S24), while W ⊥ (T ) is the contribution due to the second term (quadratic in transverse Overhauser operators). The Hamiltonian of the nuclei is the sum of a Zeeman term, a quadrupolar splitting term, and a dipole-dipole interaction term:
